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Abstract 

An edge-coloured graph G is rainbow connected if any two vertices are 
connected by a path whose edges have distinct colours. This concept was 
introduced by Chartrand et al. in [3], and it was extended to oriented graphs 
by Dorbec et al. in [5]. In this paper we present some results regarding this 
extention, mostly for the case of circulant digraphs. 
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1 Introduction 

Given a connected graph G = (K(G), E{G)), an edge-coloring of G is called rainbow 
connected if for every pair of distinct vertices u,v of G there is a un-path all whose 
edges received different colors. The rainbow connectivity number ofG is the minimum 
number rc{G) such that there is a rainbow connected edge-coloring of G with rc{G) 
colors. Similarily, an edge-coloring of G is called strong rainbow connected if for 
every pair u,v G V{G) there is a un-path of minimal length (a un-geodesic) all 
whose edges received different colors. The strong rainbow connectivity number of 
G is the minimum number src{G) such that there is a strong rainbow connected 
edge-coloring of G with src{G) colors. 

The concepts of rainbow connectivity and strong rainbow connectivity of a graph 
were introduced by Chartrand et al. in [3] and, been the connectivity one funda¬ 
mental notion in Graph Theory, it is not surprising that several works around these 
concepts has been done since then (see for instance [21H El [31 El cni El [ 12 ]). For 
a survey in this topic see m)- As a natural extension of this notions is that of 
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the rainbow connection and strong rainbow connection in oriented graphs, which was 
introdnced by Dorbec et ah in [5]. 

Let D = {V{D), A{D)) be a strong connected digraph and L : A{D) —)■ {1,..., fc} 
be an arc-coloring of D. Given x,y ^ V{D), a directed a;j/-path T in D will be called 
rainbow if no two arcs of T receive the same color. L will be called rainbow connected 
if for every pair of vertices x,y & V{D) there is a rainbow x|/-path and a rainbow 
l/x-path. The rainbow connection number of D, denoted as rc*{D), is the minimnm 
nnmber k snch that there is a rainbow connected arc-coloring of D with k colors. 
Given a pair of vertices x,y E V{D), an a:|/-path T will be called an xy-geodesic if 
the length of T is the distance, dD{x,y), from x to y in D. An arc-coloring of D 
will be called strongly rainbow connected if for every pair of distinct vertices x, y of 
D there is a rainbow xy-geodesic and a rainbow j/x-geodesic. The strong rainbow 
connection number of D, denoted as src*{D), is the minimnm nnmber k such that 
there is a strong rainbow connected arc-coloring of D with k colors. 

In this paper we present some results regarding this problem, mainly for the case 
of circulant digraphs. For general concepts we may refer the reader to [Tj. 


2 Some remarks and basic results on biorienta¬ 
tions of graphs 

Let D = {V{D),A{D)) be a strong connected digraph of order n and let diam(Zi)) 
be the diameter of D. As we see in [5], it follows that 

diam(T)) < rc*{D) < src*{D) < n. 

Also, it is not hard to see that if FT is a strong spanning subdigraph of D, then 
rc*{D) < rc*{H). However, as in the graph case (see [2]), this is not true for the 
strong rainbow connection number, as we see in the next lemma. 

Lemma 2.1. There is a digraph D and a spanning subdigraph H of D such that 
src*{D) > src*{H). 
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Proof. Let H be as in Figure [H where D is obtained from H by adding the arc 0102 - 
It is not hard to sse that the colouring in Figure [His a strong rainbow 6 -coloring of 
H, thus src*{H) < 6 . We will show that src*{D) > 7. Suppose there is a strong 
rainbow 6 -coloring p of D, First notice that, for each i and j, the WjVj-geodesic is 
unique and contains the arcs UiVi and UjVj, hence there are no two arcs of the type 
UiVi sharing the same colour. Without loss of generality let piuiVi) = i for 1 < f < 4. 
By an analogous argument, since Pi = WjUjai 02 ^ 4^4 is the only Mjr; 4 -geodesic for 
i <3, and 0102 , 02^4 G A{Pi), we can suppose that such arcs have colours 5 and 6 , 
respectively. If we assign any of the six colours to the arc UiOi, we see that for some 
j > 2 the unique MiUj-geodesic is no rainbow, contradicting the choice of p. Hence 
src*(G) > 7 and the result follows. □ 
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Figure 1: The digraphs D and H from Lemma [2.11 

Given a pair v,u E V{D), if the arcs uv and vu are in D, then we say that 
uv and vu are symmetric arcs. When every arc of D is symmetric, D is called 
a symmetric digraph. Given a graph G = {y{G),E{G)), its biorientation is the 
symmetric digraph G obtained from G by replacing each edge uv of G by the pair 
of symmetric arcs uv and vu. 
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Given a graph G and a (strong) rainbow connected edge-coloring of G, it is 

4 —¥ 

not hard to see that the arc-coloring of G, obtained by assign the color of the 

i—y 

edge uv to both arcs uv and vu is a (strong) rainbow connected arc-coloring of G- 

i—y i—y 

Thus rc*{G) < rc(G) and src*(G) < ■src(G). Although for some graphs and its 
biorientations these values coincide (for instance, as we will see, for n > 4, rc(Gn) = 
src(Gn) = rc*(Gn) = src*(Gn)), for other graphs and its biorientations the difference 
between those values is unbounded, as we see in the case of the stars, where for each 
n > 2, rc(Ki^n) = n (for each path between terminal vertices we need two colors) 

i - y 

and rc*(Ki^n) = src*{Ki^n) = 2 (the colouring that assigns color 1 to the in-arcs 
of the “central” vertex and assigns color 2 to the ex-arcs of the central vertex is a 
strong rainbow coloring). 

Theorem 2.2. Let D be a nontrivial digraph, then 


(a) src*{D) = 1 if and only if rc*{D) = I if and only if, for some n >2, D =Kn; 

(b) rc*{D) = 2 if and only if src*{D) = 2. 

Proof. First observe that since D is nontrivial, rc*{D) > 1 and therefore if src*{D) = 

i ^ 

1 then rc*{D) = 1. If rc*{D) = 1 then diam(Zi)) = 1 and hence D =Kn for some 

—y 

n > 2. On the other hand, if D =Kn it follows that every 1-colouring of H is a 
strong rainbow colouring. Thus 1 > src*{D) > rc*{D) > 1 and (a) follows. For (b), 
if src*{D) = 2, by (a), rc*{D) > 1 and hence rc*{D) = 2. If rc*{D) = 2, D has 

i—y 

a 2-rainbow colouring and, by (a) D ^Kn- Therefore for every pair u,v E V{D), 
with d{u,v) > 2, exists a wn-rainbow path of lenght 2, which is also geodesic. Hence 
src*{D) = 2 and (b) folows. □ 

Theorem 2.3. (a) For n > 2, rc*{Pn) = src*{Pn) = n — 1; 

(b) Porn > A, rc*(G„) = src*{Gn) = r^/2] 

^—y 

(c) Let k > 2, if Kni,n 2 ,...,n^ is the complete k-partite digraph where n* > 2 for 

^—y 4—y 

some i, then rc*(iFni,n 2 ,...,nJ = src*{Kni,n 2 ,...,nJ = 2. 
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Proof. In [3] it is shown that for every n > 4, src(C'n) = [f] and for every n > 2, 

src{Pn) = n — 1. Since diam(P„) = n — 1 it follows that n — 1 < rc*{Pn) < src*{Pn 

) < src{Pn) = n — 1 and the hrst part of the theorem follows. In an analogous 

way, if n is even, [f] = diam(C'n) < rc*{Cn) and since src*{Cn) < src(Cn) = [11; 

rc*{Cn) = src*{Cn) = [fl- Let n = 2k + 1 with k >2 and let us suppose there is a 

rainbow fc-colouring p of Cn- Observe that for every 0 < i < n — 1, (uj, Uj+i,... Vi+k) 

is the only UjUj+fc-path of length d{vi,Vi+k) = k in Cn and therefore the k colours 

of p occurs in each of such geodesic paths. Thus p{viVij^i) = p{vi^kVi^k+i) for each 

0 < i < n — 1, which, since {k,n = 2k + 1) = 1 implies that all the arcs ViVi+i in Cn 

receive the same color which is a contradiction. Thus rc*{Cn) > k + 1 = and (b) 

^—¥ 

follows. For (c), since Uj > 2 for some i, then Kni,n 2 ,...,nk is not a complete digraph, 

i—V 

hence rc*{Kni,n 2 ,...,n^.) > 2. Let Vi, V 2 ,..., 14 be the fc-partition on independent sets 
^^ 

of V{Kni,n 2 ,...,nk)y and for each arc uv, with u E Vi and v E Vj, assign color 1 to uv if 

^—¥ 

i < j and color 2 if i > j. Since diam(Kni,n 2 ,...,n^,) = 2, it is not hard to see that this 

^^ 

is a strong rainbow connected 2-coloring and therefore src*{Kni,n 2 ,...,nk) 4 2. □ 

Theorem 2.4. Let D he a spanning strong connected subdigraph of Cn with k > 1 
asymmetric arcs. Thus 



Moreover, if k >3, rc*{D) = src*{D) = n. 

Proof. Let V{Cn) = {uq, ... and suppose voVn-i ^ ^(-D). Since D is strong 

connected the Uo'^^n-i-path T = {vo,Vi,... ,Vn-i) is contained in D, thus diam(P) > 
n — 1. Therefore, n — 1 < rc*{D) < n. If A; = 1 we see that is a spanning 
subdigraph of D, hence n — 1 < rc*{D) < rc*{Pn), which by Theorem 12.31 fal implies 
that rc*{D) = n — 1. Let k > 2. If Vn-iVo ^ Li.{D), since D is strong connected 
it follows that D is isomorphic to P„ which have no asymmetric arcs and thus this 
is not possible. Therefore Vn-iVo E A{D). If there is a (n — l)-rainbow coloring 
p of D, since Vn-iVo E A{D), the directed cycle C induced by A{T) U Vn-iVo is a 
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spanning subdigraph of D and therefore there are two arcs ViVi+i,VjVj+i G A{C) 
such that piviViJ^i) = p{vjVj^i). Since p is a rainbow coloring, there is a rainbow 
UjUj+i-path and a rainbow UjUj+i-path in D. Thus the paths (uj, Uj-i,..., nj+ 2 , 
and (uj, nj_i,..., nj+ 2 , ■i'i+i) rnost be contained in D and therefore the number of 
assymetric arcs in D is at most 2. Thus, if k > 3 then rc*{D) > n and hence, 
rc*{D) = n. Finally, if /c = 2, let p be the (n — l)-arc coloring of D which assigns the 
same color to the assymetric arcs, and for the remaining n — 2 pairs of simmetric arcs 
and the remaining n — 2 colors, p assigns the same color to each pair of simmetric 
arcs. It is not hard to see that p is a rainbow coloring of D, thus rc*{D) < n — 1 and 
the hrst part of the theorem follows. The second part is directly from the hrst part 
of the theorem and from the fact that src*{D) < n. □ 

As a direct corollary of the previous result we have 

Corollary 2.5. Let D he a strong connected digraph with m >3 arcs. Thus rc*{D) = 

—¥ 

src*{D) = m if and only if D =Cm- 

3 Circulant digraphs 

For an integer n> 2 and a set S C {l,2,...,n — 1}, the circulant digraph Cn{S) is 
dehned as follows: V (C„(S')) = {uq, ui,..., n„_i} and 

A(Cn(S')) = {viVj : j - i^ s, s e S}, 

where a = b means: a congruent with b modulo n. The elements of S are called 
generators, and an arrow ViVj, where j — i = s E S, will be called an s-jump. 
If s G S' we denote by C(s) the spanning subdigraph of C„(S') induced by all the 
s-jumps. Observe that for every pair of vertices Vi and Vj there is at most one ViVj- 
path in C(s). If such ViVj-pafh in C(s) exists will be denoted by ViC(s)Vj- From now 
on the subscripts of the vertices are taken modulo n. Given an integer /c > 1, let 
[k] = {l,2,...,k}. 

Theorem 3.1. Ifl<k<n — 2, then rc*{Cn{[k])) = src*{Cn{[k])) = [f] ■ 
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Proof. Let D = Cn [k] . The case when fc = 1 is proved in Theorem 12.41 Let 2 < 
k < n — 2, and V{D) = {no,... By dehnition it follows that for every pair 

— 1 , d{vi,Vj) = d{vo,Vj_i) and d{vj,Vi) = d{vo,Vi+n-j)- Also it is not 
hard to see that for every 0 < i < n — 1, d{vo,Vi) = [fl- From here it follows that 

diam(D) = rVl- 

Let P = {Fl, V 2 ,..., V|-n-|} be a partition of V{D) snch that for each z, with 
I <i < LfJ, 'Fi = {Vj : (z - l)k < 3 < ik - 1 } and, if [f] ^ [fj, = { Vj : 
k[^\ <j<n-l}. 

Claim 1 For every pair Vi,Vj G V{D) there is a njZij-geodesic path T snch that for 
every Vp G P, \Vp n F(T \ Vj)\ < 1. 

Let Vrk+i,Vsk+j G F(D). Ifr7^slet0<g<fc — 1 and t be the minimnm integer 
snch that {r + t)k + i + q = sk + j and let 


F (^Vj-k+iy r^(r+l)fc+i) • • • ) '^{r+t)k+iy '^(r+t)k+i-\-q) 

be a Vrk+iVsk+j-psith.. Since t is minimnm and 0<q<k — lit follows that T is 
a n^fc+insfe+j-geodesic path and, since for every Vp E P, \Vp\ < k, hence for every 

VpEP, \Vpnv{T\vsk+j)\<v 

If r = s and z < j it follows that Vrk+iVsk+j G A{D) and T = {vrk+i,Vsk+j) is a 
n^fc+jn^fc+j-geodesic path with the desired properties. So, let us suppose z > j + 1. 
Thus 

n- k{r - s) - {i- j) n - {i - j) 
d{vrk+i,Vsk+j) = \ - ^ -1 = r-^-1- 

Let t be the maximum integer such that (r + t)k + i < n — 1. If V(r+t)k+iVj G A{D), 
then 

F (Vfk+ij r’(r+l)fc+i) ■ ■ ■ ) '^{r+t)k+ij ^k+ji • • • ^sk+j) 

is a nrfc+jUsfc+j-geodesic path such that for every Vp E P, fl F(T \ Vsk+j)\ < 1- If 
V(^r+t)k+i'Vj ^ A{D), since z > j + 1 and t is maximum, it follows that np+pfc+j G F|-^]_i 
and V(r+t)k+i'Vn-i G A{D). Therefore 

F (^Vrk+ij • • • , r’(r+Z)fc+i; ^n—lj Vj , Vk-\-j , • • • Vgk+j ) 
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is a Urfc+it’sfc+j-geodesic path such that for every VpE P, |f^ni/(T\u 5 fc+j)| < 1, and 
the claim follows. 

Let p : A{D) {1,2,, [^]} be the arc-coloring of D dehned as follows: for 
every ViVj G A{D), piviVj) = pii and only if i G 1^. Given Vi, Vj G V{D), from Claim 
1 we see there is a UiUj-geodesic path T such that for every Vi ^ P, iViflG (T\vj)\ < 1 
which, by dehnition of p, is a rainbow path. From here it follows that p is a strong 
rainbow coloring of D. Thus, src*{D) < and since diam(Zl) = for every 

n such that [11 = 'w® have rc*{D) = src*{D) = \^]- Hence, to end the proof 

just remain to verify the case n = kt + 1. Let suppose there is a f-rainbow coloring 
p of D, and consider G(fc), the spanning subdigraph of D induced by the fc-jumps. 
Since {k,n = kt + 1) = 1 it follows that C(k) is a cycle, and each UjUi+tfc-path in C(^k) is 
the only UjUj+^fc-path of length t m D. Thus, since p is a f-rainbow coloring, in every 
UjUi+tfc-path in C(k) most appear the t colors. Therefore, for every 0 < i < n — 1, 
piviVi^k) = piVi+ktVi+k{t+i))) which, since (/c,n = kt+1) = 1, implies that every arc in 
C(k) receives the same color which is a contradiction. Therefore rc*{D) > f-|-l = \^~\ 
and since src*{D) < the theorem follows. □ 

Now, we turn our attention on the circulant digraphs with a pair of generators 
{1, k}, with 2 < A: < n — 1. Observe that for every circulant digraph G„({ai, 02 }), if 
(oi, n) = 1 and 6 G is the solution of aix = 1, then G„({1, ba 2 })) = G„({ai, 02 })). 
From here, we obtain the following. 

Corollary 3.2. For k > 1, rc*(C' 2 fc+i(l, A: -1- 1)) = src*(C 2 fc+i(l, A: -|- 1)) = A: -|- 1. 
Proof. By Theorem 13.11 for every n > 4, rc*(Cn([2]) = src*(C'„([2])) = [f]. Since 

2k-\-l 

{k + 1,2k + 1 ) = 1 and 2 is the solution of {k -1- l)x = 1, then C' 2 A:+i({ 1 , k + 1})) = 
C 2 fc+i({l, 2})) = C 2 fc+i([ 2 ]) and the result follows. □ 

Observe that given any circulant digraph C'„({1,A:}), for every pair Vi,Vj G 
C„({1,A:}) we have d{vi,Vj) = d{vo,Vj_i) (where j — i is taken modulo n). Thus, 
diam(C'n({l, A:})) = max{d{vo,Vi) : Vi G V{Cn{{l,k}))}. 

Given two positive integers i, k, let denote as re{i, k) the residue of i modulo k. 




Lemma 3.3. Let Cn({l, k}) be a circulant digraph and V = {vq, • • •, Vn-i} it set of 
vertices. If n > {k — then for every Vi E V, d{vo,Vi) = \_j:\ + re{i,k). 

Moreover diam{Cn{{l, /c})) = + max{re{n — 1, k), k — 2}. 

Proof. Let Vi E V, P = (uq = Uo,Ui... ,Us = Vi) be a Wot^rgeodesic path with a 
minimum number of /c-jumps, and suppose in P there are p /c-jumps and q 1-jumps. 
Also suppose the first p steps of P are fc-jumps, and the last q are 1-jumps. Thus 
d{vo, Vi) = p + q. Since P is geodesic, it follows that q < k — 1 and therefore p > [|J. 
Hence E V{P) and the subpath 

Q ~ J ■ ■ ■ = Vi) 

is a u^i^ijUj-geodesic path with p' = p — [|J /c-jumps and , Uj) = p' + q < 

i — k\_j^\ = re(i, k). lip > [|J then q < re{i, k) and since re{i, k) < k, it follows that 
p' P [fl- Therefore, if m = k\^] — n, + E V{Q) and the subpath 

“LiJ + lf 1 = ^fcliJ+m) 

is a UfcL|jU;i,LiJ+m-geodesic path of [f] /c-jumps and = Tfl < 

m. Since n > (/c — 1)|'|] it follows that > k\^~\ — n = m and therefore 
= m. Thus, replacing in P the subpath 

by the subpath 

we obtain a UoUj-geodesic path with less /c-jumps than P, which is a contradiction. 
Thus p = [|J and therefore q = re{i, k) which implies that d{vo, Vi) = [|J -|- re(i, k) 
and the first part of the result follows. For the second part, first observe that 
d{vo,Vn-i) = L^J + re{n - l,k) and d(uo, + k - 2, thus 

diam(Cn({l,/c})) > + max{re{n — l,k),k — 2}. If there is u* G H such 

that d{vQ,Vi) > + k — 2, it follows that n — 1 > i > k[^^\ but then 

d{vo,Vi) < d{vo,Vn-i) = ~ ^he result follows. □ 
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Theorem 3.4. For every integer k > 2 

{i) rc*(C2fc({l, fc})) = src*{C2k{{^, k})) = k. 

(ii) rc*(C2fc({l, k + 1})) = src*(C2fc({l, k + 1})) = k. 

Proof. Let V = {^O) • • • >be the set of vertices of C 2 fe({l,fc}. By Lemma 
13.31 we see that k = diam(C 2 fe({l, fc})) and therefore k < rc*(C 2 fe({l,/c})). Let 
{Vo,..., Vk-i} be a partition of V, where K = {vr,Vr+k} for 0 < r < k — 1 and 
dehne a /c-colouring p snch that for every 0 < r < fc — 1, (n, n') G p~^{r) if n G K. 
Let Vi, Vj G V and snppose i + q + pk = j where d{vi, Vj) = p + q and q < k — 1. 
Observe that, since q < k, ViC(^i)Vi+gC(^k)Vi+pk+q is a rainbow ViVj-paXh. and by Lemma 
13.31 is njnj-geodesic. Therefore src*(02fc({l, fc})) < k and (i) follows. For (ii), let 
V = (no,..., V 2 k-i} be the set of vertices of C'2A:({1, k + 1}) and let (Vq, ..., 14_i} 
as before. By Lemma 13.31 it follows that diam(C' 2 fc({l, -|- 1})) = k which implies 
k < rc*{C 2 k{{^)k + 1})). Now let p be a fc-colonring snch that {u,u') G p~^{r) if 
u E Vr . Since N~^{u) = K+i for each u E Vr (taken r -|- 1 modulo k), it follows 
that every path of length at most k is rainbow, in particular every geodesic path is 
rainbow. Thus k > src*(C' 2 fc({l, fc -|- 1})) and (ii) follows. □ 

Theorem 3.5. For every integer k > 3 we have 

src*(0(fc_i)2({l,/c})) = rc*(C'(fc_i)2({l,/c})) = 2k - A. 

Proof. By Lemma 13.31 we see that diam(C'(fc_i) 2 ({l, A;})) = 2k — 4 and therefore 
rc*(C'(fc_i) 2 ({l, A;})) > 2A: — 4. Let V = {uq, • • •,be the set of vertices of 
C(fc_i) 2 ({l, A;}) and for each i, with 0 < i < (A; — 1)^, identify the vertex Vi with 
the pair {\_-p^\,re{i, k — 1)). Let V = (Vq, ..., 14_2} be a partition of V, where 
K- = {(b -5) I 0 < s < A; — 2} for 0 < r < A: — 2, and let p be a {2k — 4)-colouring 
dehned as follows: For each r with 0 < r < A; — 1, 

1. The arc ((r, s){r + 1, s)), with 0 < s < A: — 2, receives color r. 

2. The arcs ((r, 0)(r, 1)) and ((r. A: — 2)(r -|- 1, 0)) receive colour r. 

3. The arc ((r, s)(r, s -|- 1)), with 1 < s < A; — 3, receives colour k — 2 + s. 
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Observe that every path with length at most fc — 1 in C(k) is rainbow, and, except 
for those paths of lenght /c — 1 in C{i) starting at (r, 0) (with 0 < r < /c — 1), every 
path in 0(i) with lenght at most fc — 1 is rainbow. From the structure of p we see 
that to prove p is a strong coloring we just need to show that for every v eVq and 
every w & V there is a rainbow ntc-geodesic path. 

Let (0,So) G Vo and (r, s) G V;. Since (0,So) = and (r, s) = by 

Lemma 13.31 

7/ N I (^ — 1)?" + S — So I //, , X 7 \ 

d{Vso,Vr(k-i)+s) = I --J + re{{k - l)r + s - Sq, k) 

(taken (fc — l)r + s — So modulo {k — 1)^). Thus, if t j ^ 

P = {0,so)C^k){[^j^-^\,re{so + tk,k - l))0(i)(r,s) 

is a geodesic path. The subpath in C'(fc) receives colors j, with 0 < j < ~ 1 < 

k — 2, and the subpath in 0 ( 1 ) receives colors i. with fc —l<z<2fc —3orz = 

Thus, if P is not rainbow then we have that: the subpath in 0(i) most be of lenght 
k-1; {[^^\,re{so + tk,k- 1)) = (r - 1,0) and (r, s) = (r,0). 

If r —1 = 0 it follows that (0, so) = (0, 0) and the path Q of fc-jumps (0, 0)O(fc)(l, 0) 
of lenght fc — 1 is a geodesic rainbow. If r — 1 = 1, ((0, So)(l, 0)) most be a fc-jump 
which is not possible. If r — 1 > 2, let Q be the rainbow geodesic obtained by the 
concatenation of the paths (0, so)0(fc)(r — 3,k — 2) (which receives colors between 0 
and r — 4); the arcs ((r — 3, fc — 2), (r — 2, 0)) and ((r — 2, 0), (r — 1,1)) (with colors 
r — 3 and r — 2 respectively); and {r — 1, l)C'(i)(r, 0) (which receives the colors r — 1 
and k — 1,... ,2k — 3). Hence, P or Q is a (0, So){r, s)-geodesic rainbow, and the 
theorem follows. □ 

Theorem 3.6. If n = ttnk with ttn > k — 1 > 2, then 

src*(C'n({l, fc})) = rc*{Cn{{l, k})) = an + k-2. 

Proof. By Lemma iTBl we see that diam(C'„({l, k})) = an+k—2 and then to prove the 
result just remain to show that src*(Cn({l, /c})) < an + k — 2. Let V = {uq, • • •, Vn-i} 
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be the set of vertices of Cn{{^,k}) and, for each with 0 < i < n, identify the 
vertex Vi with the pair k)). Let {Vq, ..., K„-i} be a partition of V, where 

K = -s) : 0 < s < /c} for 0 < r < an, and let p be a (an + k — 2)-colouring dehned 

as follows: For each r, with 0 < r < — 1, let 

1. The arc ((r, s}(r + 1, s}), with 0 < s < k, receives color r. 

2. If r > k — 2 the arcs ((r, 0)(r, 1)) and ((r, /c — l)(r + 1, 0)) receive color r; and, 

for each 1 < j < k — 2, the arc ({r,j){r,j + 1)) receives color — 1 + j. 

3. If r < k — 3 the arc ((r, k — 2 — r){r, k — 1 — r)) receives color r; for each 

0<j<k — 3 — r the arc ({r,j){r,j + 1)) receives color + r + j; for each 

k — 1 — r < j < k — 2 the arc ((r, j) (r, j + 1)) receives color + j — (/c — 1 — r); 

and the arc ((r, /c — l)(r + 1, 0)) receives color + r. 

Observe that for every pair 1 < r, r' < the path {r, s)C(k){r', s) is a rainbow 
path with colors r, r + 1,..., r' —1 (taken the seqnence modulo an). Also every path P 
of lenght at most k—1 in 0(1) is rainbow. Moreover, if for some 0 < r < a^, V(P) C Vr 
then the colors appearing in P are contained in {an, ■ ■ ■, an+(/c—3)}U{r}; and if V(P) 
starts at Vr and ends at K-+i, the colors of P are in {a„,..., a„ + (/c — 3)} U {r, r +1}. 

Let (r, s) and (r', s') be distinct vertices of Cn({f, k}). If r ^ r' it is not hard to 
see that either (r, s)C(k){r', s)0(i)(r', s') (if s < s') or (r, s)C(k){r' — 1, s)0(i)(r', s') (if 
s > s') is a rainbow ((r, s){r', s'))-path. If r = r' and s < s' we see that (r, s)0(i)(r, s') 
is a rainbow path. Let us suppose r = r' and s > s'. If no arc ({r,t){r,t + 1)), 
with 0 < f < s', receives color r, the path (r — 1, s)C'(i)(r, s') receive only colors in 
[an ,..., a„ + (/c —3)}U{r — 1}, and therefore (r, s)0(fc)(r — 1, s)0(i)(r, s') is a rainbow 
path. If some arc ((r, t){r, t + 1)), with 0 < t < s', receives color r, by dehnition of p 
most be either ((r, 0)(r, 1)) (if r > k — 2), or ((r,k — 2 — r)(r,k — l—r)) (if r < k — 3). 
For the hrst case in the path P = (r, s)C(fc)(an —1, s)C(i)(0, s')C(k){r, s'), the /c-jumps 
receive colors {0,..., r,..., — 2} and, by dehnition of p, the only 1-jump of color 

0 is ((0,A; — 2){f),k — 1)). Thus, since s' < s < k — 1, the colors appearing in 
{an — 1, s)C(i)(0, s') are contain in {a„,..., -|- (/c — 3)} U {a„ — 1} and therefore P 
is rainbow. For the second case in the path P = (r, s)C{k){k — 2 — s, s)C{i){k — 1 — 
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s, s')C(k){r, s') the fc-jumps receive colors {0,..., /c — 3 — s, fc — 1 — s,..., — 1} and, 

since s>s'>t>0, k — l — s<k — 3 and therefore the only 1-jump of color k — l — s 
is {{k — 1 — s, s — l){k — 2 — s, s)). Thus the colors in {k — 2 — s, s)C(i)(fc — 1 — s, s') 
are contain in {a „,... ,an + {k — 3)} U {k — 2 — s} and P is a rainbow path. In 
all the cases, from Lemma 13.31 we see that all the paths are geodesic and the result 
follows. □ 
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